Non-gravitational interaction between two barotropic dark fluids, namely the pressureless dust and the dark energy in a spatially flat Friedmann-Lemaître-Robertson-Walker model has been discussed. It is shown that for the interactions which are linear in terms the energy densities of the dark components and their first order derivatives, the net energy density is governed by a second order differential equation with constant coefficients. Taking a generalized interaction, which includes a number of already known interactions as special cases, the dynamics of the universe is described for three types of the dark energy equation of state, namely that of interacting quintessence, interacting vacuum energy density and interacting phantom. The models have been constrained using the standard cosmological probes, Supernovae type Ia data from joint light curve analysis and the observational Hubble parameter data. Two geometric tests, the cosmographic studies and the Om diagnostic have been invoked so as to ascertain the behaviour of the present model vis-a-vis the Λ-cold dark matter model. We further discussed the interacting scenarios taking into account the thermodynamic considerations.
INTRODUCTION
According to very recent observations [1] , the dark matter and the dark energy are the two main sources of the total energy content of the universe. The dark matter is pressureless whereas dark energy is supposed to have a large negative pressure which fuels the expansion of the universe in an accelerated fashion. This picture of the universe can successfully be reproduced by the ΛCDM cosmology where Λ, the constant vacuum energy density, serves as the dark energy. Though ΛCDM cosmology is well consistent with most of the observational data, it has some serious issues, such as the fine tuning problem [2, 3] . The magnitude of Λ, according to observations, is very low, and that is sufficient for driving this current accelerating phase. Whereas, the theoretically predicted value of Λ, estimated from the quantum theory of fields, is enormously higher and consequently there is a huge discrepancy of order 10 121 between the observed and theoretical estimations of Λ. So, the time dependent dark energy [4] has been invoked as a plausible way out from the issues related to the cosmological constant (for a review of such time dependent dark energy, see [5, 6, 7, 8] ). However, the dynamical dark energy models have issues of their own, such as the cosmic coincidence problem [9] , why the magnitudes of dark energy and dark matter are of same order today though they evolve independently with the evolution of the universe. The cosmological constant Λ, inherits the same problem although it does not evolve with the cosmic time. As a result, several alternative cosmological models have been introduced in the last couple of decades with an aim to search for the dynamics of the universe [6, 7, 8] where such issues can be resolved. The scenario of non-gravitational interaction between dark matter and dark energy is one of such alternative models, which is the main subject interest of the present work.
If the dark matter and the dark energy interact with each other, it is obvious that the total energy density should be conserved instead of their individual conservation. That means the balance equation for the total dark sector of the universe reads ∇ µ (T = Q. The main goal is to describe the dynamics of the universe in presence of such unknown function Q, known as the interaction function. If Q = 0, the two matter components conserve themselves individually, and one gets back the non-interacting model. Thus, the interaction in the dark sector is indeed a more general scenario to unveil the dynamics of the universe.
The interaction in the dark sector was motivated so as to provide a resolution of the cosmic coincidence problem [10, 11] (see also [12, 13, 14, 15] ) and there has been a lot of work done in this connection [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44] . Recently, a series of investigations reported that the arXiv:1710.03725v2 [astro-ph.CO] 27 Apr 2018 current observational data favour an interaction in the dark sector [39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52] . In fact, the interacting scenario can also take care of the issues connected to the local value of the Hubble parameter [40, 50, 53] . However, it is also shown that a phantom universe may result through the dark matter dark energy interaction [39, 41, 49, 54, 55] without invoking any scalar field theory with negative kinetic term [56, 57] . For a very recent and exhaustive review, we refer to the work of Wang, Abdalla, AtrioBarandela and Pavón ([58] ).
In the present work, we consider a dark energy fluid, with constant equation of state, which interacts with pressureless dark matter through a non-gravitational interaction. Other components namely baryons and radiation are not considered for their minimal contribution to the total energy budget of the universe in compared to the combined dark sector (almost 96% of the total energy density), see [1] . The interaction term Q is assumed to be a linear function of the energy densities of the dark components and their first order derivatives. The space-time has been considered to be characterized by a spatially flat Friedmann-Lemaître-Robertson-Walker (FLRW) line element. With such linear interaction, the second order equation for the density is analytically solved. We analyze three interacting scenarios when the dark energy is of quintessential, vaccum energy and phantom type, using the currently available observational data from (i) Hubble parameter measurements and (ii) Supernovae type Ia from joint light-curve analysis (JLA). Data from baryon acoustic oscillations and cosmic microwave background radiation have not been used since the available data are not model independent. So the analysis presented in this work does not have any unnecessary bias towards the ΛCDM. As we have not considered the radiation and the baryonic matter in our energy budget, this exclusion should not lead to any inconsistency. Apart from that we also discuss some other important cosmological consequences of the model, for instance, the thermodynamic implications, strength of the coupling through the estimation of coupling parameters, the direction of energy flow, and the geometric tests.
The manuscript is organized as the following. In section 2, we describe the gravitational equations and introduce the generalized interaction in the dark sector. Section 3 presents the analytic solutions of the background dynamics under consideration. Section 4 deals with a brief descriptions of the observational data employed in our analysis and the following section contains the observational constraints on the model parameters imposed by the data sets. Section 6 deals with a possible model selection on the Akaike and Bayesian criteria. In section 7, attempts have been made regarding the estimation of the coupling parameters. In section 8, the results given by the model are compared againts some geometrical tests. The section 9 deals with testing the models against the laws of thermodynamics, and in the last section 10, we include a summary and some remarks on the results obtained.
DYNAMICS OF DARK MATTER−DARK ENERGY INTERACTION
We consider a spatially flat homogeneous and isotropic universe characterized by the line element,
where a(t) is the scale factor of the universe. We consider that the matter sector of the universe comes from two barotropic fluids, namely the pressureless dark matter or cold dark matter (CDM) and dark energy (DE) represented by the following energy-momentum tensors, 
and
where an overhead dot represents the differentiation with respect to the cosmic time t and H =ȧ/a is the Hubble expansion rate. Throughout the paper we have fixed the units as, c = 8πG = 1. The conservation equation,
, for the composite fluid, can be written asρ
which one can obtain by using equations (2) and (3). Now, introducing the total energy density of the fluid as ρ t = ρ m + ρ d (Hence, the total pressure is identified as p t = p m + p d = p d , since the dark matter is pressureless), the conservation equation (4) can be written in terms of ρ t as,ρ
where w tot is the equation of state parameter for the composite fluid, i.e. w tot = p t /ρ t . Now, it is readily seen that although the equation of state parameter for DE is constant but the composite fluid have a variable EoS parameter w tot = p d /ρ t . Now, introducing the coincidence parameter r = ρ m /ρ d , total EoS parameter, w tot , can be written as,
The net effective EoS parameter, w tot , could describe an accelerating universe if w tot < −1/3, which results in w d < −(1 + r)/3. Further, if one considers that w tot mimics the cosmological constant Λ (i.e. w tot = −1),
, the dark energy would cross the phantom divide, and the universe will end in a Big Rip. Since the fluids are interacting via a non-gravitational interaction, the conservation equation (4) can be decoupled into the following two equations,
andρ
in which Q is the interaction function that determines the energy flow between the dark sectors, namely the DE and the CDM. In absence of the interaction, i.e. when Q = 0, the dark components are independently conserved. The primary motivation behind introducing the interaction is simply not to ignore this possibility apriori and see if this interaction leads to any new features. For any arbitrary Q, one can write the evolution equations for CDM and DE in an implict way as
For Q ∝ Hf (a), where f (a) is any known analytic function, the equations (9) and (10) can be integrated. It is evident that the second terms in both equations (9) and (10) are the deviations from the standard evolution equations of CDM and DE, when they do not interact.
Since the interaction Q is not really known, usually one starts with some ansatz for Q and estimates the parameters in the ansatz with the help of observational data. In the literature, extensive studies have been carried out with
, and so on, where the proportionality constant, referred to as the coupling constant, determines the strength (from its magnitude) and direction (by its sign) of the interaction. In what follows, we consider a very general interaction of the form
where a prime denotes the differentiation with respect to x = ln (a/a 0 ), a 0 being the scale factor at present epoch which we set to unity, and λ m , λ d , α m , α d are the coupling constants. It is easy to see that by using the conservation equations (4) (or eqns. (7) and (8)), one arrives at
which directly includes the equation of state of dark energy 1 . Thus, the most general linear interaction of the form (in which the coefficients of ρ m , ρ d and their derivatives are constants) is given as
where (λ, α, µ) ∈ R 3 form the set of the coupling constants. In the following sections, the solution of the field equations for this generalized interaction term and the observational constraints on the model have been discussed.
ANALYTICAL SOLUTIONS OF THE BACKGROUND EVOLUTION
It is easy to find that from equation (5), one can readily write the energy densities of CDM and DE in terms of the total energy density (ρ t ) and its derivative ρ t in the following manner
Now, using the individual conservation equations (equations (7) and (8)), we find that
whereQ = Q/3H. Employing the above equations one can form the following second order differential equation in ρ t ,
Using the interaction term, given in equation (13) , the differential equation (17) becomes,
which is a linear homogeneou second order differential equation with constant coefficients. The solution of the differential equation can be written if we know the roots of the auxiliary equation
Thus, the total energy density takes the form
where ρ 1 and ρ 2 are the integration constants and both are positive (ρ 1 > 0, ρ 2 > 0) 2 ; r 1 , r 2 are the roots of the auxiliary equation (19) and z is the redshift. The expressions of r 1 and r 2 are given as, (22) in which
and this X should be positive so that r 1 , r 2 are real. This is quite a general case of interacting models. In fact, (i) for α = 0, we get the interacting dynamics as discussed in [30, 35] , (ii) α = µ = 0 gives the interaction Q = 3Hλρ m [20] , (iii) for α = λ = 0, one realizes the dynamics for Q = 3Hµρ d [20] . Therefore, the present setting covers a large class of interacting dynamics. Now, plugging (20) into (14) , the evolution of CDM and DE can be expressed as,
Now, we introduce the density parameters as (Ω 1 , Ω 2 ) = (ρ 1 /ρ c , ρ 2 /ρ c ) (where ρ c = 3H 2 0 ). These parameters will have the expressions,
where Ω m0 , Ω d0 , are the usual density parameters for matter and dark energy and for a spatially flat geometry at the present epoch (i.e. z = 0) and are connected as
where
Now, the equation (20) can be written as
Thus, for the interaction as in (13) , the evolution is actually analytically solved. The exponents r 1 , r 2 , contain the coupling parameters of the interaction, hence effectively they signal the deviation from the standard cosmology in presence of the interaction in the dark sector. For r 1 = 3, and r 2 = 0 (given by α = µ = λ = 0, and w d = −1), one recovers the standard ΛCDM cosmology. Any deviation from these values can be considered to be an indicator of the interaction. Now, since the background solution is analytic, one can find the associated cosmological parameters in this model. The conservation of all components of the cosmic fluid taken together given by equation (5) can be written as
Introducing the deceleration parameter q = −1 − H/H 2 , one may also write
and consequently, the redshift, z t , at which the universe entered into the current accelerating phase from the decelerating one (i.e. the transition redshift given by q = 0) is found to be
We close this section with an observation. If the interaction (11) or (13) allows the second order derivatives of the energy densities of the dark sectors, then the background evolution as well as the evolution equations for the dark matter and dark energy can be analytically solved using equations (14) . In a similar fashion, if the interaction function allows up to n-th order derivatives of the energy densities of the dark sectors, so that the interaction function remains linear, then the differential eqation (17) may be integrated for some particular values of n leading to the analytic solutions of the background evolution. For any linear interaction Q given by
, where ρ (i) stands for the i-th derivative of ρ t with respect to x = ln a, the differential equation will look like A 0 ρ
..+A n−1 ρ t +A n = 0, where A i 's are all constants. Thus, for different values of n, it is possible to obtain analytic solutions for ρ t and hence using the equations in (14) , the evolution equations for ρ m and ρ d can also be analytically found. This is an interesting result for the linear interactions between dark matter and dark energy having constant equations of state.
STATISTICAL METHOD AND THE OBSERVATIONAL DATA UTILIZED IN THE ANALYSIS
We focus on the late-time behaviour of the interacting models. So, to constrain the proposed interacting models, we take two independent low-redshift observational data sets, namely the (i) Supernovae type Ia, (ii) Hubble parameter measurements and restrict the analyses in an interval 0 ≤ z < 2.34.
In order to figure out the observational constraints on the cosmological parameters, we perform the fittings of the models using the emcee, introduced by [59] , the python implementation of the ensemble sampler for Markov chain Monte Carlo (MCMC). The estimation of the parameters follows the maximization of the likelihood function L = exp (−χ 2 tot /2) with χ 2 tot as,
where the index 'j' denotes an individual data set. In general, the χ 2 function is defined by the following relation
where η th is the theoretical value of some observable quantity, which is a function of the model parameters {θ}, and η obs is the corresponding observational estimation at redshift z i .
Using this likelihood analysis we aim to constrain three different interacting dark energy scenarios where the dark energy is either quintessence (i.e.
. In order to facilitate the statistical analysis, specific values of w d will be chosen.
In a Bayesian statistical analysis, the prime idea is to figure out the posterior probability distribution of the parameter where the posterior ∼ prior × likelihood. In case of a uniform prior, the posterior distribution is proportional to the likelihood function. In what follows, a constant prior will be assumed for the parameter values.
A brief discussions about the observational data sets are presented in the following subsections.
Supernoave Type Ia
Supernovae type Ia are the first observational data which indicated the alleged accelerated expansion of the universe and hence the existence of the dark energy. Here, we measure the distance modulus µ(z), of any Supernova of Type Ia located at redshift z, which is the difference between its apparent magnitude (m B ) and its absolute magnitude (M B ) of the B-band of the observed spectrum. It is defined by
where the d L (z), the luminosity distance of a particular supernoave of type Ia at redshift z, is defined in a spatially flat FLRW universe as
In the current work, we use the 31 binned distance modulus data sample of the recent joint light curve analysis (JLA) [60] , and to encounter the correlation between different bins, we adopt the prescription given in [61] .
Hubble parameter measurements
The observational Hubble parameter data (OHD) is one of the most robust probes to analyze the dark energy models for its model independent nature. Here, 29 measurements of the Hubble parameter from different surveys have been used. We adopt the values of H(z) which have been estimated from the measurements of differential of redshift z with respect to the cosmic time t as follows
In general there are several ways to measure the Hubble parameter values at different redshifts. Here, we use the Hubble parameter measurements using the differential age of galaxies estimator of dz dt by Simon et al [62] ; the red-enveloped galaxies by Stern et al [63] ; the measurement of Hubble parameter values at low redshift using the differential age method along with Sloan Digital Sky Survey (SDSS) data by Zhang et al [64] ; the measurements from the old and passively evolving galaxies (known as cosmic chronometers) by Moresco et al [65] , and finally, the measurement at a high redshift z = 2.34, by Delubac et al [66] . The measurement of H 0 from the last Planck results [1] has also been used in the analysis.
RESULTS OF THE STATISTICAL ANALYSIS
In the present work, the statistical analysis involves the estimation of the independent parameters present in the expression of the Hubble parameter in eqn. (30) . The parameter Ω 1 can be written in terms of r 1 , r 2 , Ω d0 and w d . The dark energy density parameter Ω d0 and dark energy equation of state parameter w d are coupled to each other in this case and thus can not be estimated independently. In the present analysis, three different values of w d have been assumed, which correspond to the three different dark energy scenario, namely the quintessence, the vacuum energy density and the phantom dark energy.
Interacting quintessence (w
For a quintessence model, the value of the equation of state parameter lies in the range (−1, −1/3). In the present analysis, we have fixed w d = −0.98. This typical value of w d has been motivated from the recent observations [1] that the dark energy equation of state is very close to the cosmological constant boundary '
3 . The results of the estimation of the free parameters of the model from the observational data sets, namely (i) SNe, (ii) OHD, (iii) OHD and SNe combine, are presented in Table I . The contour plots of various quantities as well as their likelihood analysis have been shown in Fig. 1 , obtained in the combined analysis with OHD+SNe. Additionally, in Fig. 2 , using the same combined analysis OHD+SNe, we have shown the transition of the deceleration parameter (upper panel of Fig. 2 ) and the qualitative evolution of the total equation of state parameter (lower panel of Fig. 2) .
From the analyses summarized in Table I , one may notice that the observational data OHD+SNe significantly decrease the error bars on the parameters (Ω d0 , r 1 , r 2 ) compared to the separate analysis performed either with SNe or OHD. From Table I , one can see that data from OHD estimate the mean value of r 2 to be negative while the SNe data predict the mean value of r 2 to be positive. The mean value of r 2 is negative for the combined analysis OHD+SNe. From the analyses one may notice that the positive values of r 2 are still allowed within 1σ confidence level which is also clearly seen from Fig. 1 . The value of r 1 is strictly positive within the 1σ confidence level for all the data sets used in the analysis. Thus, effectively, one can see that within 1σ confidence level, r 1 > 0 while r 2 is allowed to have both positive and negative values. This is indeed a saviour of the model since a negative definite value of r 2 would mean some component of matter density increases with the evolution of the universe! Furthermore, from the constraints on r 1 , r 2 as shown in Table I , the effects of interaction is visible. One can see that all combinations of the observational data suggest that the values r 1 = 3, and r 2 = 0 are quite a possibility, so an interaction is not at all ruled out. However, it is interesting to note that all analyses do allow the ΛCDM limit (r 1 = 3, r 2 = 0) in the 1σ confidence-level. Additionally, from the estimations of r 1 and r 2 , it is also clear that the combined data sets of OHD and SNe brings the model closer to the ΛCDM limit compared to the individual data sets. Further, from the evolution of the deceleration parameter (upper panel of Fig. 2) , it is clear that the transition from decelerating phase to the current accelerating phase happened for z ∈ (0.6, 0.9) which is in good agreement with several observational results. Additionally, from the evolution of w tot (lower panel of Fig. 2 ), one can see that crossing the phantom devide is allowed only in the 2σ confidence level. The plots in Fig. 1 also indicate that (r 1 , Ω d0 ) as well as (r 1 , r 2 ) are positively correlated whereas (r 2 , Ω d0 ) are negatively correlated.
Interacting vacuum energy density (w
For vacuum energy density, w d = −1, and here we assume that the vacuum dark energy is interacting with dust matter, the normal conservation equation, The analysis with OHD+SNe data sets for this interacting scenario significantly improves the error bars in the cosmological parameters (Ω d0 , r 1 , r 2 ) in a similar fashion observed in the previous model with w d > −1. Moreover, we find that the behaviour of r 2 is exactly same as that observed in the interacting quintessence model and r 1 is strictly positive (within 1σ confidence level) for all the observational data sets employed in the analysis.
From Table II , we see that the mean value of r 1 = 3 and that of r 2 = 0 as suggested by all combined analyses. That means this interaction scenario is distinct from ΛCDM model which is characterized by r 1 = 3 and r 2 = 0. However, one may also note that the value of r 1 = 3 and r 2 = 0 is indeed allowed in the 1σ confidencelevel for all the analyses performed in this work. From the upper panel of Fig. 4 , it is clear that the transition from decelerating phase to the current accelerating phase happened for z ∈ (0.6, 0.8) which again is in agreement with several observational results. From the evolution of w tot depicted in the lower panel of Fig. 4 If the dark energy has a phantom nature, i.e., w d < −1, the volume and the rate of increase of the volume of the universe can blow up at a finite future depending on the total equation of state parameter. For an analysis of such a dark energy, interacting with the cold dark matter, we have fixed w d = −1.02. This is phantom in nature, but close to −1 nonetheless and thus consistent with the observational requirement that it should be close to −1. The values of the free parameters of the model, extracted from different observational data sets, namely (i) OHD, (ii) SNe, (iii) OHD+SNe, are presented in the Table III . The contour plots of various quantities as well as their likelihood analysis have been shown in Fig. 5 , obtained from the combined analysis with OHD+SNe. Also, in Fig. 6 , we have shown the transition of the deceleration parameter (upper panel of Fig. 6 ) and the qualitative evolution of the total equation of state parameter (lower panel of Fig. 6 ) for the combined analysis OHD+SNe.
The best constraints on the model parameters are obtained for the combined analysis OHD+SNe and the behaviour of r 2 follow the similar pattern as already observed in our previous two models. In addition, similar to the other two interaction models, here too, within 1σ confidence level, r 1 is strictly positive for all the observational data.
The values on r 1 and r 2 follow similar trend as observed in the previous two interacting scenarios, that means, r 1 = 3 and r 2 = 0 are suggested by all the analysis given in Table III which shows that a deviation from the ΛCDM cosmology is indeed allowed. However, the ΛCDM limit is still very much a possibility in the 1σ confidence-level. The departure from the ΛCDM cosmology is actually minimal for the combined analysis OHD+SNe. Further, from the evolution of the deceleration parameter (upper panel of Fig. 6 ), it is clear that the transition from decelerating phase to the current accelerating phase happened for z ∈ (0.6, 0.8) which is in agreement with observational results. Moreover, it is important to note that the behaviour of the total equation of state parameter w tot is still very similar to the other two cases despite the DE is assumed to be phantom. The phantom character for w tot is allowed only in a 2σ confidence-level. Finally, we note that the correlations between several combinations of the parameters r 1 , r 2 , Ω d0 show a similar pattern as observed in the interacting quintessence and interacting vacuum models.
INFORMATION CRITERIA AND MODEL SELECTION
Amongst several competing cosmological models a hierachy of the preferred models supported by the observational data is indeed required in the absence of any definite knowledge about the actual model. The commonly known methods are the Akaike Infor mation Criterion (AIC ) [67] and the Bayesian Information Criterion (BIC ) [68] . The information criteria tells us which model is better. This model selection can also help us to rule out which models can be excluded. For a cosmological model with d of degrees of freedom in which N number of data points have been used to fit the model, AIC and BIC are respectively defined as
where L max is the maximum likelihood obtained for the cosmological model. However, there is another method which is the corrected version of AIC, denoted by AIC c and defined as [69] 
which clearly shows that for N d, AIC c is almost equal to the AIC. However, for small N , the difference between them is significant and this corrected version works better than the AIC [70] . It requires a 'reference model' for comparison, and ΛCDM could be the best reference model and we choose that for the purpose. The rest of the analysis is simple. Let us denote any cosmological model by M , and then we calculate the difference ∆X = X M − X ΛCDM (where X M = AIC, BIC, or AIC c ). Now, according to Jeffrey's scale, the significance of any cosmological model in comparison with the base model is measured from the difference ∆X, where ∆X > 5, and ∆X > 10 stand for strong and decisive evidence against the cosmological model under consideration [70] . Table IV summarizes the information criteria for different models with respect to the ΛCDM cosmological model. Our analysis shows that for all interacting models ∆X < 5 (for X = AIC, AIC c ) for three different data sets, while 5 < ∆BIC < 10, for the three data sets employed in the work. Although AIC or AIC c criteria show that the interacting models do not have any strong evidence against them vis-a-vis the ΛCDM, but the BIC criterion tells us that the interacting models have strong evidence against them as compared to the ΛCDM but are not ruled out as comapred to the base ΛCDM model.
ESTIMATIONS OF THE COUPLING PARAMETERS
We showed that for the interaction given by equation (13) one can solve the evolution analytically, where we introduced two constant parameters r 1 = r 1 (λ, µ, α, w d ), r 2 = r 2 (λ, µ, α, w d ) which are in general determined by the constant coupling parameters as well as the dark energy equation of state. Now, in this work we have considered three different interacting dark energy models characterized by three distinct numerical values of the dark energy equation of state, w d . Nevertheless, it is clear that if we use the estimates of r 1 and r 2 as given by our statistical analysis, all the three coupling parameters cannot be evaluated using two equations. One of them has to be chosen as an ansatz. In what follows, we shall discuss three simple special cases of the general interaction as given in equation (13). 1. When α = 0, the interaction (13) becomes
and consequently, one can express the coupling parameters as for which the coupling parameters become
Similar to the previous case, we also calculate the coupling parameters for the observational data OHD+SNe. In case of interacting quintessence (with w d = −0.98), the coupling parameters are, µ = −0.074 3. Finally, we consider the possibility µ = λ, that means, the interaction in this case takes the form
for which the coupling parameters can be expressed as,
The coupling parameters for the combined analysis OHD+SNe turn out to be α = −0.067 From the above analysis it is observed that the mean values of the coupling parameters can be postive or negative depending on w d , i.e., the nature of the dark energy . A change of sign in the interaction function means the change in the direction of the energy flow. So, an investigation of the evolution of Q should be worthwhile.
However, all phenomenological interactions do not have this property. For instance, the interactions of the form Q = 3Hλρ m , or Q = 3Hµρ d can be either positive or negative depending on the sign of the coupling parameters and cannot change the signature in the course of evolution. But, the interactions that are linear combinations of two energy densities ρ m , ρ d and their derivaties, may have this feature. The interaction Q can also be written down analytically. Inserting (24), (25) and the first derivative of (24) into eqn. (13) we find that,
where F (z) determines the evolution ofQ with z and it is of the form
The constants A, B are given by
Thus, it is clear that the interaction could change its sign if both of A and B are not of the same sign. Further, one may see that at some epoch there is a possibility for Q to attain its extremum, and it is found by the solution of the equation dQ/dz = 0
The left, middle and the right panels of this figure respectively describe the behavior of the interaction function (42), (45) and (48) . In each plot the solid, dot and dashed lines respectively stand for the intracting quintessence, interacting vacuum and the interacting phantom models for the observational data OHD+SNe.
which could be real only with some conditions. Now, one can also try to see whether the extremum is a maximum or a minimum by calculating the second derivative
at z ext , the redshift at whichQ may allow such possibilities.
In Figure 7 , we describe the behaviour of the interaction function (42) , (45) and (48) in the left, middle and right panels respectively while in each plot the solid, dot and dashed lines represent the interacting quintessence, interacting vacuum and the interacting phantom scenarios for the combined data OHD+SNe. From the plots we observe that the interactions given by equations (42) and (48) exhibit similar behaviour irrespective of the nature of dark energy while the model (45) is completely different. For the models (42) and (48), we find a smooth transition of F (z) (i.e. Q) in the recent past (i.e. z > 0 but close to 0) from its positive values (Q > 0: energy flow takes place from DE to CDM) to negative values (Q < 0: energy flow takes place from CDM to DE). That means the direction of energy flow changes during the evolution of the universe in presence of the interactions (42) and (48) . On the other hand, for the model (45), we find that Q is always negative, that means, here, the energy flow always takes place from CDM to DE.
INTERACTING DARK ENERGY VERSUS GEOMETRICAL TESTS
Cosmography [71] and Om diagnostics [72] are two well known geometrical tests that are generally used to differentiate several cosmological models by measuring their deviation from the ΛCDM cosmology. For the FLRW universe, its scale factor can be expanded as a(t) = ∞ i=0
is the ith derivative of a(t) at t = t 0 , and this Taylor series expansion provides some geometric quantities as coefficients, such as H = 6 , which are called the cosmographic parameters. The new quantities j, s, l, m are known as the jerk, snap, lerk and m-parameter respectively. One may write down j, s, l, and m in an alternative way
Before the discovery of the accelerated expansion of the universe, H indeed was an observational quantity and it is evolving. Its evolution is given by the next higher order derivative of the scale factor, namely q. Now that q is an observable quantity and is found to evolve, so j becomes the automatic choice of interest amongst these kinematical quantities [73] . Now, in Figures 8, 9 , 10 we display the evolution of j (upper left), s (upper right), lerk (bottom left) and the m parameter (bottom right) respectively, for interacting quintessence, interacting vacuum and interacting phantom scenarios using the observational data OHD+SNe with their 1σ and 2σ confidence levels around the best fit line (the central dark line of each plot).
We note that in all the three figures (i.e. Figs. 8, 9 and 10), the present value of j, i.e. j(z = 0), is close to the corresponding value for the ΛCDM model, namely j = 1. This indicates that around z = 0, the interacting models resemble the ΛCDM model. The difference is more pronounced in the past history.
Let us introduce another geometric test known as Om diagnostic, defined as [72] Om
where h = H(z)/H 0 . This diagnostic only needs to know H, so it is a model independent diagnostic. It is evident that for a spatially flat ΛCDM, equation (61) takes the form Om(z) = Ω m0 , irrespective of the redshift. That means, for any two distinct redshifts, say z i and z j , Om(z i ) − Om(z j ) = 0 is the test for ΛCDM. Certainly, any deviation from this condition, a deviation from ΛCDM is indicated. Now, in the present model, where cold dark matter interacts with dark energy, we find that
Thus, eqn. (62) indicates that Om(z) is indeed different from Ω m0 , and it signals that the cosmological models do not mimic the ΛCDM model. There is another diagnostic which is constructed from the first order derivative of the Om diagnostic L
where h (Figure 11 ), interacting vacuum ( Figure 12 ) and interacting phantom ( Figure 13 ) scenarios using the combined observational data OHD+SNe. We see that the evolution of Om for all interacting dark energy models is almost same as that of the non-interacting ΛCDM and at present epoch (z = 0), the values of Om for these models are close to Ω m0 , the value of Om taken by the ΛCDM model. On the other 
THERMODYNAMICS OF INTERACTING DARK ENERGY
For an investigation of the thermodynamical properties of a cosmological model, one considers the universe as a thermodynamic system that is bounded by some cosmological horizon, and the matter content of the universe is enclosed within a volume defined by a radius not bigger than the cosmological horizon. It deserves mention that the idea of this horizon actually originates from the consideration of black hole thermodynamics. It has been shown that the thermodynamical properties which hold for a black hole are equally valid for a cosmological horizon [3, 75, 76] . Furthermore, the first law of thermodynamics which holds in a black hole horizon can also be extracted from the first Friedmann equation in the FLRW universe when the universe is bounded by an apparent horizon. So, this gives a good motivation to choose the apparent horizon as the cosmological horizon to test the thermodynamic properties of any cosmological model and in the current section we have considered our universe to be bounded by the apparent horizon with radius r h = H 2 + k/a 2 −1/2 [77] which, for k = 0, yields r h = 1/H, the so-called Hubble horizon.
However, according to the laws of thermodynamics, like any isolated macroscopic system, (i) the entropy should be non-decreasing with the expansion of the universe, that means if S f , S h respectively stand for the entropy of the fluid and the entropy of the horizon containing the fluid, then the total entropy of the system, i.e. S = S f + S h , should satisfy the relation S ≥ 0, where prime denotes the differentiation with respect to x = ln a, and (ii) the entropy must be convex, that means S < 0. The first criteria is the second law of thermodynamics and the final condition is required so as to ensure that if there is an extremum, it is a maximum. Now, considering the apparent horizon as the cosmolgical horizon, like in black hole physics, the entropy of the horizon S h can be taken as 
The final form results with choice of units as = k B = c = 8πG = 1; k B , are respectively the Boltzmann's constant and the Planck's constant respectively; l pl = ( G/c 3 ) is the Planck's length; A = 4πr
For the interacting dark energy model we already found that S ≥ 0, so the entropy function will be convex if ψ < 0. We now try to understand the behaviour of S with the evolution of the universe for the three interacting dark energy models discussed in this work. The behaviour of S (practically that of ψ and S ) is mainly dependent on the parameters r 1 , r 2 , w d and the density parameter for dark energy, Ω d0 . We have already noted that, for all the models in the present work, for all observational data sets utilzed, the mean values of r 1 are positive and within 1σ confidence level, r 1 is strictly positive (see Table I, Table II and Table III) . On the other hand, the mean values of r 2 are negative for OHD and OHD+SNe but positive for SNe data, however, for all the observational data sets, r 2 is allowed to pick up both positive and negative values in the 2σ error bar. For the positive values of r 2 that are allowed in the combined analysis OHD+SNe, we have shown the variation of the quantity ψ against x = ln a, for all three interacting dark energy models, in Fig. 14 . From the figure we observe that close to the present epoch, the quantity ψ is indeed negative, that means the entropy function is convex implying that the universe could be in thermodynamic equilibrium. On the other hand, for r 2 < 0, we end up with a singularity (ψ → −∞) at some finite scale factor 'a'. That means the thermodynamical arguments seem to favour the region with r 2 > 0.
SUMMARY AND DISCUSSIONS
The current work presents an analytic description of an interacting dark sector and their cosmological consequences in a spatially flat FLRW universe. Both CDM and DE are assumed to have a constant equation of state parameter. DE and CDM interact amongst themselves and thus satisfy a common conservation equation. The rate of interaction has been taken to be a general function of the energy densities of the dark sectors (i.e. CDM and DE) and their first order derivatives which recovers some well known and most used interactions in the literature as special cases. The evolution equations for CDM and DE can, in fact, be analytically solved. We remark that, if the linear interaction (11) [or (13) ] includes up to n-th order derivatives of the energy densities, then for some specific values of n, the evolution equations for CDM and DE can be analytically solved! This is the speciality of the linear interactions between both dark matter and dark energy when they assume constant equations of state.
The reconstructed interacting DE model has been studied for three different dark energy scenario, namely the quintessence, vacuum and phantom dark energy. For the interacting quintessence, the results summarized in Table I indicate a small deviation from the ΛCDM cosmology. The total equation of state of this scenario shows a quintessential phase with a smooth transition from the decelerated expansion to current accelerated expansion at a recent past (upper panel of Figure  2 ). Similarly interacting vacuum and the interacting phantom cases also indicate a slight deviation from the ΛCDM cosmology as observed in Table II (interacting  vacuum) and Table III (interacting phantom) . An interesting thing to note is that the "total" equation of state for all the cases are still in the quintessence regime within the 1σ confidence-level, although in a 2σ confidence-level, the phantom character of w tot is also not rejected. The transition from the decelerated phase to the current accelerted phase happens at z < 1, in all the cases, as suggested by observations. It is shown that for some special cases of the interaction model, given by some choices of the coupling parameters appearing in the form of the interaction, the flow of energy might change its direction in the course of evolution. We found that if the interaction in the dark sector is characterized by any of the models in (42) or (48) , then a sign change in the interaction function happens from its positive values (Q > 0, i.e. energy flows from DE to CDM) to negative (Q < 0, i.e. energy flows from CDM to DE) and this is independent of w d . However, for the model (45), Q is always negative, that means, here, the energy flow takes place from CDM to DE and this does not depend on the equation of state for DE, w d .
Further, we did an exercise of the geometric diagnostics for interacting dark energy. In all those cases, our analysis shows that at late time all the three interacting dark energy models are not too far from the ΛCDM cosmology, but, in no case the model reduces to the ΛCDM throughout the history of the evolution.
It deserves mention that the Akaike or the corrected Akaike Information Criteria does not pose any strong evidence against any of the three cases (w d > −1; w d = −1 and w d < −1) of dark energy considered with the interaction, but the Bayesian Information Criteria indeed poses evidence against all the three choices, although none of the models is actually ruled out completely. In this analysis, the base model is chosen to be the ΛCDM.
We also show that the interacting models (irrespective of the interaction function) satisfy the generalized second law of thermodynamics, i.e. the entropy should be non-decreasing. However, the analysis brings out some striking features depending on the sign of r 2 . We found that for r 2 > 0, the universe can potentially reach the equilibrium only around the present epoch! For moderately high positive or negative values of ln a, the second derivative of the entropy, i.e. S has positive values. On the other hand, we found that for r 2 < 0, the quantity S quantifying the equilibrium nature could be divergent to negative values at some finite scale factor. This might be considered to be a constraint on the interacting models which states that the positive values of r 2 give the most favorable scenarios. A negative value of r 2 implies the corresponding density, namely ρ d , increases with evolution which is quite unphysical. So we see that both the consideration of density and the thermodynamic requirements are consistent with a positive r 2 , which is allowed within a 1σ error bar for the present models.
One important point to note is the results indicate that when the different data sets are utilized, the ΛCDM is recovered in the 1σ confidence level. The departure from the ΛCDM is more pronounced in the past, i.e. at higher values of the redshift z which is also supported from the geometrical tests.
The other intriguing thing is that there actually no clear indication in the results obtained that distinctly favours anyone amongst the three type of w d chosen, namely, > −1, −1 and < −1.
